APHOII 2001 Theoretical Question 1

[Solution] Theoretical Question 1

When will the Moon become a Synchronous Satellite?

(1) The total orbital angular momentum Z = L 2 of the Earth-Moon system with
respect to C can be calculated as follows.
Since all angular momenta are along the z-direction, only the z-component of
each angular momentum will be calculated. The distance between the center of
mass C and the center of the Earth O is

M . °
ry = 30y es106m=0.735R,
M+ Mg, 1+(597/7.35)

The angular speed of the Moon's revolution 1is
2r
W, =
27.322x 86400
The orbital angular momentum of the Moon about C is

=2.6617x107° rad /s (1a)

Ly =M(r, _rCM)za)O
=7.35%(385-4.68)> x2.6617x10%* =2.83x10** kg-m* /s
The angular speed of the Moon's spinning or rotational motion is
Q, =w, =2.6617x107° rad /s

The spin angular momentum of the Moon is

Sy = 2MR§4_QM :§><7.35><(1.74)2 x2.6617x10%

u=3
=2.37x10"kg-m* /s =8.40x107°¢ ,,
This is much smaller than the Moon's orbital angular momentum and can therefore

be neglected.
The orbital angular momentum of the Farth about C is

M
Up = Mpréy@,=——1{
Mg

:%x2.83x1034 =3.48x10% kg-m?* /s

The angular speed of the Earth's spinning motion is
P
23.933x3600

The moment of inertia of the Earth about its axis of rotation is

I =§MER§ =0.4x5.97%x(6.37)* x10°® =9.69x10°” km-m* /s  (1b)

=7.2926%x10"> rad /s

The spin angular momentum of the Earth is

S =%MER,§QE =7.07x10% kg-m* /s =203 0,
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[Solution] (continued) Theoretical Question 1

When will the Moon become a Synchronous Satellite?

Thus, the fotal angular momentum of the Earth-Moon system L is given by
L=+l +S+Sy)
= (2.83+0.0348 +0.707 + 0.0000237) x 10** )
=3.57x10°* kg-m* /s

Notethat L= (£, +/  +Sg).

(2) According to Newton's form for Kepler's third law of planetary motions, the
angular speed @ of the revolution of the Moon about the Earth is related to the
Earth-Moon distance » by

0’r’ =G(M g + M) (3)
Therefore, the orbital angular momentum of the Earth-Moon system with respect
to Cis

M. M 2
0= (MM 2 - My (— Gy 4)
M+ M oM+ Mpg)
M. r Mr
ote: (,, =M(—LE—Vw, (=M. (———)*® sothat (=0, +/(,,.
(N M (M+ME) E E(M+ME) Ly

When the angular speed of the Earth's rotation is equal to the angular speed wof the
orbiting Moon, the total angular momentum of the Earth-Moon system is, with the

spin angular momentum of the Moon neglected, given by

G2 1/3 2 2
O+l +8,)=MM{———3"* + =M, Rlo
(Cy +Lp+Sp) E{(M+ME)w} s Me R

= 735%5.97x (00:726X066.726 1175 1030 | g 69510

(5.97+0.0735)® (52)
=3.96x107 0™ +9.69x10> " 0 =3.57x10**

The last equality follows from conservation of total angular momentum and Eq.(2).
For an initial estimate of @, the spin angular momentum of the Earth may be
neglected in Eq.(52a) to give

0=0 = (%)3 =1.36x107° rad/s (first iteration)
An improved estimate may be obtained by using the above estimated value , to
compute the spin angular momentum of the Earth and use Eq.(5a) again to solve

for w. The result is
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[Solution] (continued) Theoretical Question 1

When will the Moon become a Synchronous Satellite?

w=0,= (%)3 =1.35%x107% rad/s (second iteration) (5b)

Further iterations of the same procedure lead to the same value just given. Thus,

the period of rotation of the Earth will be
_ 2 _ 6.2832

Tf_ - -6
(op 1.35x107° x 86400

=539 days

(3) Since the total torque I'is proportional tol/7°, we conclude

r° T = constant (6)
F, (x<0)
Fig.le ' > Moon
;o O
-\
F. (x>0) Earth

Let the current values of » and I be, respectively, r, andI,. From Eq.(6),
we then have

r=>2)r, (7)
r
The torque I"'is equal to the rate of change of spin angular momentum /€2 of the
Earth so that
I—=T (8)

By Newton's law of action and reaction or by the law of conservation of the total
angular momentum, — I is equal to the rate of change of the total orbital angular
momentum ¢ of the Earth-Moon system so that

drl
= =-I 9)
But according to Eq.(3), we have
0’r’ =G(M g + M)
and Eq.(4) may be written as

p-3/5



APHOII 2001 Theoretical Question 1

MM
EZ( E )a)r2 :MME( G )1/2 rl/Z
My+M My +M
(10)

GZ
= MM, ( Y313
Mg,+M
This implies

Ay G L _dr

dt Mo +M 272 dr
Z—lMM( G’ )3 ! d_a):_

37 P M+ M @ dr

The value of I, can be determined from Eq. (11a) as follows:

darl 1 G dr
_Fo = (—)0 =—MM; —(—)0
dt 2 (Mg +M)r, dt

66.7x107* _ 3.8x107°
(0.0735+5.97)x(3.85) 3.65x8.64

(11a)

=%><7.35><5.97><1046 \/ (13)

=4.5x10" N-m
Starting with Eq.(11a) in the following form

dv 1 G*? 1 dw .
— == MMy( )P =D
dt 3 (M, +M)  @*? dt r

we may use Eq.(3) to express 7 in terms of wand obtain the following equations:

lMME( G* )1/3(d_60): (r)° Iy '6/3

3 (Mg +M)" “dt” {G(M,+ M)}

[Solution] (continued) Theoretical Question 1
When will the Moon become a Synchronous Satellite?

do _ 3(r0)6F0 — 0'%"% = b'3
dt  GM M{G(M+ M)}

where the constant b stands for the expression in the square brackets. The last

equation leads to the solution
@)~ =20, -0)

where 7, is the length of time needed for the angular speed of the rotation of the

Earth to be equal to that of the Moon's revolution about the Earth.
Using the values of @  and @, obtained in Egs.(1a) and (5b) and the value of

I, inEq.(13), we have
-3 GM M{G(M +M)}"

- =3.4x107%
13b 13(r,)° (=T,
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-3 _ _ - -

=3.4x10"x(0.254—0.014376)
=8.1x10" seconds

=2.6x10" years
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[Solution] Theoretical Question 2

Motion of an Electric Dipole in a Magnetic Field

(1) Conservation Laws

=y
Il
~
Il
<
|
<
[\S]

- 1 . - - 1 . . - L
(1a) VCMZE(VF’_’E): VCMZE(Vl—i_vz)ﬂ l=r-r,

Total force F on the dipole is
F=F +F, =q(E+9 xB)+(=q)(E +7V,xB) = q(¥, —v,)x B
— ¢IxB
so that
Mv,,= qixB (M = 2m) (1)

Computing the torque for rotation around the center of mass, we obtain

16 = ()X xB)+ ()% (g7, < B)

2 ] 2
=g lX (Vg XB)
where
1
I = ml? (3)
(1b) From eq.(1), we obtain the conservation law for the momentum:
P=0, P =Mv,, —qixB 4)
From eq.(1) and eq.(2), one obtains the conservation law for the energy.
E=0, E= %M\%MJr%Iwz (5)
(Ic) Using eq.(4) and eq.(2),
G ¥ PY - B= (e P)- B = —qiox(1xB)- B
= q(IxB)<Ve - B = q(IxB)- (Vo ¥ B)
= gl - (Bx(VeyxB) = —ql - (3% B)*B)
= —qIx(Vo, xB) - B
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[Solution] (continued) Theoretical Question 2
Motion of an Electric Dipole in a Magnetic Field

we obtain the conservation law
J=0 J= (¢, xP+I®)- B
for the component of the angular momentum along the direction of B.
(2) Motion in a Plane Perpendicular to B
(2a) Write
I= {cosp(F +sinp (), @(0) = 0, ¢(0) =a,
Note that
o= ¢:z
From eq.(4), we have
MV.,= P+ q(B (sing X —cos@ 9)
Att=0,wehave v.,,=0, ¢@=0so that
P =ql(Byp

Hence from egs.(9) and (10) we have
. q!B ) . . qlB
Xem = ( M ]Sln(P» Yemw = ( M (1—cosg)

From conservation of energy, i.e. £q.(5), we have

1 ., (q/B)
2 ¢ M (

1
l—cos@)= Elwg
¢’ +%w§(1—cos(p)= o,

where

o = MatB) _ (2gB ’
‘ MI m

In order to make a full turn, ¢ can not become zero so that

(6)

(7

(8)

)

(10)

(1)

(12)

(13)
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[Solution] (continued) Theoretical Question 2

Motion of an Electric Dipole in a Magnetic Field

0, >0 = |o) >coc=2q—B (14)
m
(2b) From Eq.(6), we have
Xy PHlo = J (15)
where P is the magnitude of P.
At ¢t = 0, wehave J=Iw, so that
Xey P+ 1o = 1w, (16)

From eq.(12), one can see that @, > ®> so that x., >0.Thus x., reachesa

maximum d,, when @ takes its minimum value.

When o, <w,_, the minimum value of @ is —w, so that

dngwoz[mwoj/a w0<wc (17)
P qB

When @, > @, , the minimum value of @ is /@] —® so that

c

dm:(é)é)o—q/wj—wf}zq%@o—q/wj—a)f:é, o, > o, (18)

¢

1
When @, =0, ®° = Ea)f (1+cosp) =’ cos’ 5

¢

) =@, COS—
¢=0. )
When ¢ iscloseto 7w, let ¢ =m—2¢ then
. 1 . 1
E=——®,SINE=——WE
2 2
8~€_w"t/2

so that it will take 7 — o for € — 0,1.e. for ¢ toreach m. Hence

I mao
d =|— . = <V, w,=0, 19

(2¢) Tension on the rod comes from three sources:
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[Solution] (continued) Theoretical Question 2

Motion of an Electric Dipole in a Magnetic Field

2

(i) Coulomb force =—— L (20)
dre, (°

Positive value means compression on the rod.
. . . 1
(i1) Centrifugal force due to rotation of the rod Z—Ema)zf (21)

(111) Magnetic force on the particles due to the motion of the center of the mass
= QVey Xé(_%) = QVey IxB

Taking the square of both sides of eq.(4) and using the initial condition for the
value of P?, we obtain

%Mng =gV, - IXB = %I(a)g — %) (22)

Combining the three forces, we have

2
tension on the rod = ! q——lm€w2+%m5(a)§—wz) (23)

A positive value means compression on the rod.
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[Solution] Theoretical Question 3

Thermal Vibration of Surface Atoms

(1) (a) The wavelength of the incident electron is

~ 6.63x107
V2x9.11x107 x1.60x10™" x64.0

=1.53x10""m=1.53A

(b) Consider the interference between the atomic rows on the surface as shown in

Fig. 3c.

O @ @ Fig 3¢

The path difference between electron beam 1 and 2 is

Al =b(sing —sin¢@,) = ni

° 92 ° :
Given ¢, =15.0°, A= 1.53A and b=-2=>22_277A two solutions
V2 2
are possible.
(1) Whenn=0, ¢ =¢,=15.0" (Answer 1)

(ii) When n =1
Al=2.77(sing —sin15°) =1x1.53
1.53+0.72

sing =—— =0.812
¢ 2.77
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[Solution] (continued) Theoretical Question 3

Vibration of Surface Atoms

¢ =54.3" (Answer 2)

For n =2, no solution exists as A¢ = 2.77(sin¢ —sin15° ) =2x1.53 and sing > 1.

(2) I=1I,exp(~(ii-AK )*)

Fig. 3d

surface

For the specularly reflected beam, we have from Fig. 3d

AK =K' —K =2Kcosf *
where x is the unit vector in the direction of the surface normal. Take the
x-component of #, we then obtain

I = ]Oe—<uf (t)-4K* cos* 0> — [Oe—4K2 cos’ 0<ux2 (t)> (2)

The vibration in the direction of the surface normal of the surface atoms is

simple harmonic, take
u (t)= Acoswt

T T 2 2
Q <ux2(t)> :ljuzdt:lJAz COS2 a)tdt:A—-E:A_
TO To T 2 2

A =2u (1)

The total energy FE is thus given by

E:%CAZ:%C-2<ux2(t)> = C<u’()> = mo* <u(t)>
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[Solution] (continued) Theoretical Question 3

Vibration of Surface Atoms
Therefore, one obtains
<u’(t)y> = E/(mo?)
E=mo® <u >=k,T

where m' is the mass of the atom. From either of the above two equations,

one then has the following equality
2 k,T k,T

<u.S > = 3
! meo® man’f’ ©)
From eq. (3) and eq. (2), one obtains
—4K? cos’ 0 ,kBZT >
=1 iy
2 .
where K =P - 277[ . Accordingly,
4k cos? 0
I=Ie "% =[e™MT (4)
and
Eni =-M'T
Iy
From the plot of Enli versus 7' > one obtains the slope
0
, 4k, cos’0
= )
mf-A

The slope of the curve can be estimated from Fig. 3b and leads to the result
M’'=23x10".

Using the following data in Eq.(5),
ky =138x102J/K

A=153%x10"m

m’ =195.1x107/(6.02x10%)=3.24 x107> kglatom
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[Solution] (continued) Theoretical Question 3

Vibration of Surface Atoms

one finds

4x1.38x107 - cos? 15°
195.1x107°
6.02x10%

23%107° =

X 2% (1.53x1071° )?

The solution for frequency is then

f?=3.0x10"(new)= f=1.7x10"Hz Answer (a)

kyT
From <u,’ >:4+f2 » T=300K, one finally obtains
m'Ar
=23
<u >= 1951 11.?)2_%3><10 300 =1.1x10""m"* (new)
60'2X1023><47z2><3.0><1024
02x

and

J<u?>=1.0x10"m=0.10 A (new)

Ans
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