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SOLUTION: Rolling Cylinders
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1.1) The point P which is fixed on the surface of M was at the position directly below O at time

t=0. Hence m must have rolled through an angle PR-OR radians relative to surface of M
r

in time t during which the line OC has also turned anti-clockwise through an angle 6.

Therefore the total angular displacement of m about its centre of mass relative to any fixed
reference line in time t is

_ PREOR 4 5¢—(EJ9 ........... Q)

r r

1.2) By differentiating the equation (i) twice with respect to time, we get
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2
m(R—r)%@ = f-mgsing (iii)
d 2
m(aej (R-r) = N-mgcosé ... (iv)

The equation for the rotation of m about its centre of mass is:

d? R d? R—r)d?
l ., — = | —_ | —|—=0 | = fr ... \%
M 42 4 CM[I’ dt? ( r ]dtz } (V)

1
where I, =Emr2.

Equations (iii) and (v) yield:

IC_'V' _ d_2 - _ H ICMRd_2 .
(m+ o J(R r)dt20 = —mgsind+ o dt2¢ ........... (vi)

2
1.4) Here, %¢ =0, sind=@ and also I, = %mr2 , the equation (vi) is reduced to:

2
T2 o (vii)
dt 3(R-r)
This gives a period T = 2z 3(2_0 ........... (viii)
g

1.5) The equilibrium position of m in question 1.4) is =0.

1.6) But the equilibrium position for the case where M is rotating with a constant angular

acceleration « is by considering the equation (vi), namely,

2
g(R—r)%e = —gsin0+§a ........... (ix)

Let 6,, be the equilibrium position; this implies that m remains stationary at this position if it

2

, d
does not oscillate. Hence—-6,,=0 , and
dt
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From the equation (i) we get, after changing the directions of y and ¢,

d -r\d .
—y = —— 0 XI
at’ rdt¢ ( r jdt o)
The equations of motion of m and M are:
d? ..
—mr? = —fr Xii
ikl d (xii)
d2
R2 ¢ =+fRR (xiii)

IMethod 1: (Angular I\/Iomentum)\
The effect of gravity on the system as a whole is to change its angular momentum:

d ) 1 .,d 2 d . .
R*— mr —w-m(R-r) —6@| = +mg(R-r)singd ....... xiv.1
dt{ Py TR } 9(R=r) Gav.1)
d? m(R-r) d?
Hence —¢ = —————60 .. xv.1
i (2M +m)R dt? (xv-1)
and (MR+£mrde—2¢—m(R—r)(R—Erjd—zﬁ = mg(R-r)sing (xvi.1)
2 dt? 2 Jat> T A T '
Combining the last two equations:
2
4y - 9 (@M+m) g (xvii.1)
dt (R-r)(3M +m)

For a small-amplitude oscillation we put sin @ ~ @ and equation (xvii) is reduced to:
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— ——f Xviii.1
dt? ( )
The period of this oscillation is, therefore,
. zﬁ\/(R—rJ(SM +mj
g 2M +m
IMethod 2: (Newton’s law)|
From Newton’s law: mgsingd—f =ma
2
mgsind—f =-m(R-r) (jjtf ........ (Xiv.2)
. . d’¢
From equation (xiii): f= MRW
By substituting this into equation (xiv.2) we have
: d?¢ d’e
mgsind=MR—--m(R-r)—  ........ XV.2
. dt? (R=1) dt? (xv-2)
From equations (xi) (xii) and (xiii), we then have
2 _ 2
dy___m (R rde ........ (xvi.2)
dt 2M +m{ R )/ dt
: Mm d’o d’o
Then (xv.2) becomes  mgsind =- R-r -m(R-r
(xv:2) J M+m( )dt2 ( )dtz
2
6 ___ 9 2M+mg o . (xvii.2)

dt?  (R-r)3M+m
For a small-amplitude oscillation we put sin @ ~ & and equation (xvii) is reduced to:

d? g (ZM +m)
—29 = - 6
dt (R-r)(3M +m)

........ (xviii.2)

The period of this oscillation is, therefore,
T = 27 R-r (3M +mj
g 2M +m

IMethod 3: (Conservation of Energy)|

The total mechanical energy of the system is given by
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We now use conservation of mechanical energy,

g€ _ MRZ(%j(d?}+(1mrzj£d—v/j(dzfj+m(d—ej[ﬁ](R— r)2 +mg(R- r)(d—e)siné?: 0
dt dt /)| dt 2 dt /)| dt dt J{ dt dt

........ (xv.3)
By applying the equations (xi), (xii), and (xiii), we have
2 _ 2 2 _ 2
d?z—R r_m df and d"f:R r_2Mm df. ........ (xvi.3)
dt R 2M+m dt dt r 2M-+m dt
Without loss of generality, we can integrate both equations and obtain
9 __R-r_m db g 9w _R-r 2™M d6 (xvii.3)

dt R 2M+m dt dt  r 2M+mdt
by imposing the condition that all bodies have zero linear and angular velocities at the same
particular instant. And by substituting these relations into the equation above from conservation

of energy, we have

Mm 2M? do( d*6 s o (dOY
(2M+m)2+(2M+m)z +1}(EJ(FJ(R—F) =-g(R r)(dtjsme. ........ (xviii.3)

This equation must hold at all time, so we can divide c(ij_t& on both sides. After some

simplifications, we have

d g (2M+m) _
dt249 = (R—r)(3M+m)Sm0 ........ (xix.3)

For a small-amplitude oscillation we putsin @ ~ @, and the above expression is reduced to:
2 2M +m

d_zg - _ g ( )9
dt (R-r)(3M +m)

The period of this oscillation is, therefore,

TG
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Note that, although it seems like we have more than one degree of freedom, there exists only one

mode of oscillations because the coupling to the potential energy is only through the angle 8.

dg

. . d
However, we have a freedom to impose any constant angular velocity ot and d—ytl(and the

condition for rolling without slipping), and this will not alter the period of the oscillations. This
corresponds to a freedom in choosing different initial conditions of the motion of the system.

1.8) When M is made to rotate steadily at an angular velocity Q the equation (vi) becomes

E(R—r)d—26’ = —gsing (Xix)
2 dt2 ..............
which implies that m remains at & =0 if m does not oscillate.

Hence the equation (i) is reduced to

R
v = —¢
r
d Rdg R
and — = ——L = —Q XX
a” T Tt r 09

. . . .. R . .
This means that m is rotating at a constant angular velocity —Q prior to the instant when M
r

is stopped.

After that instant m will accelerate itself by way of frictional impulse. This acceleration

process lasts for only a short time due to the high value of frictional coefficient (,u) To
simplify the calculation we will take to lower surface of M to be flat.

m is skidding forwards

fm = umg

d
m—v = +f XXi
at m (xxi)
ICMia) = —f.r, lg=-mr* .. (xxii)
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Vo= 1RQ, o = ==Q . (xxiii)
3 3

From now on, the cylinder m will roll up the side of the cylindrical wall. And since frictional

force does not do work in pure rolling we can use the principle of conservation of energy.

%mv2+%ICMa)2+2mg(R—r) = %mv’2 +%I0Ma)'2 .............. (xxiv)
2
We have also N = m -mg (Xxv)
R-r
2
N = (le (%) —1—31 .............. (xxvi)
—r

m will reach the top if N >0.

Hence Q> /339(%) .............. (xxvii)

*khkhhhhkhkkkhkhkhkiihhikikkkk
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2.1) L%HRi = &, (i) (1.0 point)

2.2) If the length ¢ of solenoid is much greater than its diameter, then the magnetic flux density in

the inside mid-section of the solenoid is given by

B = ”OTN' ................... (ii) (1.5 points)

brush

B is directed out of plane of paper
The electric field intensity (E) at distance r from the centre of the axle is
E=Bar
pointing towards the rim of the disc. The induced e.m.f. (£) between terminals P and Q is

given by

a H 2
£ = [Bordr = LBwa? = N (iii) (2.0 points)
I 2 20

r

2.4) By combining the results in 2.1) and 2.3) we get

2
LRI = (—”ON"" “’ji
dt

20
d. 1( gNa*w _ ). . :
—1 = +—|"——-R|l = +¥ 0.5 point
dt L( 20 j ! (0.5 point

i(t)y = i(0)er (iv) (1.0 point)
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2.5) In order that the current i(t) will grow, the value of » must be positive otherwise the current

will gradually decay.

2
HmNa'w o
20
2/R
Onn = S e, (V)
HoNa

2.6)

sliding contact

At the instant t the currentis givenin4) as i(t) = i(0)e".

The magnetic force o f on the current element ior is 6 f = Bidr.

The torque 67 = ro f = Biror opposes the rotation of the disc.

The total torque r=J.Birdr = %Bia2
r=0

2 2
HNa” ., ﬁiz(o)eﬂﬂ (vi)

20 20

T =

(1.5 points)

(0.5 point)

(1.0 point)

(1.0 point)
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In order to maintain the angular velocity of the disc at a steady value we must apply a turning
torque of equal magnitude and of opposite direction to that of (vi).

Method 2
tw=i°R +%(magnetic energy in solenoid) (1.0 point)
=i’R+ Lﬂi
dt
/uoNaz 2 ,uoNaz i2 125 :
=0 i = 20— j*(0)e™ 1.0 point
Y, 2 0 (1.0 point)

*khkhhhkkhkkkkhkhkhkiirhikikikkk
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The L eidenfrost Phenomenon
3.1) Asgiven in the problem
ay (2, (i)
dz n dr
Integrating (i) with respectto z, we get
1 dP 2 - -
v(iz) = | —|-z2+C I 0.5 point
® - (25] @ ©5poin)
2
3.2) V(Ej _ o - Lo (EJ £C (i)
2 2n dr ) \ 2
2
C = _b" dp (0.5 point)
8n dr

Note that C is not a real constant; its value depends on ((jj—P which is a function of r.
r

3.3) Let Q be the volume rate of flow of the vapour through the cylindrical surface of 2zrb.

5Q = v(z)-2zréz where from (i) and (iii): (0.3 point)
1 dP , Db? .
v(z) = (%WJ{Z —7} ............... (iv)
: 27t dP 2 , b?
@ = 2z = (22l T
Q = AP, (v) (0.7 point)
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3.4) The total rate of heat flow from the area zr° of the hot surface to the drop is ————. We
assume that this heat goes into vaporizing the drop.
2
Hence pQl = i IbCAT and using (v) we get
dP 6nICAT : .
— = - P U 0.4 point
o ( P j (vi) (0.4 point)
This gives P(r) = —[SUICAI j r’+B (0.4 point)
pylb

where B is an arbitrary constant whose value can be found by applying the boundary

condition P(R) = P,, the atmospheric pressure.

Hence B=P +[377’CAI j R (vii) (0.4 point)
pylb
3nKAT » 2 .
and P(r)=P + AR =r7) viii 0.8 point
(r) a[pw]( ) (viii) (0.8 point)

3.5) The net force due to pressure is in the upward direction and of magnitude

R 4
37CATR
f= J'[P(r)—PaJandr Y

r=0

......... (ix) (1.0 point)

The weight of the drop is %nRBpog , Where p, is the density of liquid.

2 3znKATR?
_7Z'R3pog — 77—4
3 2p,lb

1

4

b = [M] ............... )
4p,pu 19
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Note that —_ = == (xi) (1.0 point)

b - _(ﬁfigj.r ............... (xiii) (0.8 point)

Then use (v) to calculate the total mass-rate of vaporization Qp,, at r=R:

27b°R \( 8 4 R
op, = (” j(EPEGJRpV _ (Mjb

12n 9

3
B 47rpvp0gRJ(977/CRAT ]4
I 4p,pu 9

1

4 4IC3 AT 3 Z Z Z . .

I /’S;/";Osg( )J ‘R* = BR* ... (xiv) (1.2 points)
n

3.7) The life-time (7) of the drop, is to be found from

d(2 !

nedp _ B

dt 27tp,

0 E T ﬂ
J'R“dR = —j dt (1.0 point)

1
87p, > 8 IMmpl? ve .
—O0R4 = = . 0 ~| -R* (1.0 point)
4]vag(AT)

*khkhhhhkhkkkhkhkhkiirhikiikikk
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